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Electrochemical impedance spectroscopy (EIS) is one of the most important techniques in electro-
chemistry. However, analyzing the EIS data is not a simple task. The distribution of relaxation times
(DRT) method offers an elegant solution to this considerable challenge. In addition to that, the DRT
method can be used to obtain the time characteristics of the electrochemical system under study.
Though, deconvolving the DRT from the EIS data is an ill-posed problem, which is particularly sensitive to
experimental errors. Several well-known approaches, including ridge regularization, can overcome this
issue but they all require the use of ad hoc hyperparameters. Furthermore, most methods are not
probabilistic and therefore do not provide any uncertainty on the estimated DRT. In this work, by
assuming that the DRT is a Gaussian process (GP), it is not only possible to obtain the DRT mean and
covariance from the EIS data but also to predict both the DRT and the imaginary part of the impedance at
frequencies not previously measured. One important point to note is that, unlike other methods, the
parameters that define the GP-DRT model can be selected rationally by maximizing the experimental
evidence. The GP-DRT approach is tested using synthetic experiments for analyzing the consistency of
the method and “real” experiments to gauge its performance for real data. The GP-DRT model is shown to
be able to manage considerable noise, overlapping timescales, truncated data, and inductive features.
Considering the GP-DRT framework developed and the results of the simulations, the GP-DRT will likely
inspire further studies on using a probabilistic approach to interpret EIS data.

© 2019 Elsevier Ltd. All rights reserved.

1. Introduction

contains time-dependent information and covers a broad span of
timescales, allowing the recovery of many physical properties, such

Electrochemical impedance spectroscopy (EIS) is one of the
most commonly used characterization techniques in the field of
electrochemistry [1—7]. EIS experiments have been used to un-
derstand the physicochemical processes taking place in numerous
electrochemical systems (ECSs), including fuel cells [8—14], batte-
ries [15—21], solar cells [22,23], and supercapacitors [24]. EIS has
also been used in other fields including biology [25—27] and
medicine [28,29]. The EIS spectrum is particularly useful because it
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as diffusion coefficients and reaction rate constants [4,30]. During
an EIS measurement, the ECS is subjected to a small sinusoidal
perturbation in current/bias, and concomitantly the resulting bias/
current is recorded [2,5,7]. At a given frequency, the impedance is
obtained from the ratio and the dephasing of the bias/current. To
obtain the full EIS spectrum, this procedure is repeated over a broad
range of frequencies, usually, from mHz to MHz.

Despite the EIS technique being highly effective, interpreting the
EIS data can be challenging [31]. To that end, equivalent circuit
models (ECMs) [2,5] are often used. However, ECMs have significant
limitations. First, they are often chosen in an ad hoc fashion and
often are just circuit analogs [32]. Second, they are not unique. It is
not uncommon to encounter situations where multiple plausible
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ECMs can fit the EIS data equally well [33]. Compared to selecting
ad hoc ECMs, physical models are far more informative of the actual
electrochemical processes taking place in the ECS under study
[6,22,34—44]. However, physical models are not used as often as
ECMs because, as they are system-specific, they require consider-
able implementation work.

To overcome the challenges mentioned above, the distribution
of relaxation times (DRT) has recently attracted significant research
attention [45—50]. The idea behind the DRT is to deconvolve the EIS
spectrum into a distribution of timescales. This is useful because
the time scales can be used to guide the design of ECMs [45] or to
identify different physical processes [10,51—56]. The DRT model
assumes that the voltage response of an ECS to a step current
perturbation decays exponentially with a particular distribution of
timescales [46,48]. It can be shown that, if this hypothesis holds,
then the impedance can be written as

DRT (f\ _ : ® y(log )
Z (f)f127rfl0+Roo+.[_w—]+i2ﬂfTdlogT (1)

where Ly is an inductance, R, is a resistance, fis the frequency, and
v(logr) is the DRT, which is a function that determines the time-
scale distribution [10].

Deconvolving the DRT from the EIS data is not simple because
one needs to solve an inverse problem, which is ill-posed
[45,49,57]. That is, its solution is particularly sensitive to experi-
mental errors. A variety of numerical frameworks have been
developed to resolve ill-posedness and have leveraged methods as
diverse as Fourier transform [50], maximum entropy [58], frac-
tional algebraic identification [59], Monte Carlo sampling [60],
genetic algorithms [61—63], ridge regression (RR) [47—49,57,64],
and elastic-net regularization [65]. One case of particular interest is
ridge regression because the DRT deconvolution can be recast as a
constrained quadratic programming problem, which solves

N 2
arg mi”xzo{ Z — 7 (x 7fn)> +
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< Zexp

where wj, and wy, are suitable weights, Zi2? and ZXP are the real
and imaginary part of the experimental impedance, respectively, f;
is the nth frequency, x is an unknown vector that represents the
DRT, and ALx2? is a regularizing term weighted by the hyper-
parameter A where L is a suitable differentiation matrix. While the
RR can be recast in Bayesian context to recover the DRT and its
uncertainty, the choice of the hyperparameter(s) is arbitrary and
the only available method is cross-validation [57]. Furthermore, the
DRT model has been only used to fit the experimental EIS data and
has yet to be used to predict the EIS at frequencies other than the
ones measured. This may prove useful in situations where experi-
mental limitations may prevent measurements at certain fre-
quencies (e.g. low frequencies because of time limitations or high
frequencies because of instrument limitations) [66].

To overcome the difficulties inherent to selecting hyper-
parameters and predicting EIS values at unmeasured frequencies,
we develop the GP-DRT method. This new method leverages
Bayesian statistics and, specifically, Gaussian processes (GPs).
Instead of deconvolving the DRT to obtain a simple curve using (2),
we interpret the DRT as a GP. It is important to note that GPs in the
context of machine learning provides a non-parametric approach
for inferring functions from data. Therefore, a GP can be viewed as a

Bayesian prior over a functional space [67,68]. First, we assume that
the DRT, y(logr), is an unseen (or latent) GP. Second, we note that
v(logr) gives the impedance following (1). Using the property that
GPs are closed under linear transformations [67,69], the obtained
ZPRT(f) is also a GP. Leveraging the last two properties, we will
conduct regression and prediction.

In the following sections, we will first define what GPs are. Using
GP regression, we will recover and predict the DRT and the
impedance. For all practical purposes, we will use multivariate
Gaussian random variables (RVs) to correlate y(logr), ZPRT(f), and
the experimental data. An extremely important point to note is that
the hyperparameters do not need to be guessed. Instead, these
parameters are obtained by maximizing the experimental evi-
dence, that is, the probability that the experimental result is ob-
tained under the assumptions of the GP model. Furthermore,
synthetic experiments as well as “real” experiments show that the
GP-DRT model can recover both the DRT and the imaginary part of
the impedance well. Lastly, we point out the strengths and weak-
nesses of the GP-DRT approach and propose future research
directions.

2. Theory
2.1. Gaussian processes

2.1.1. Basics

A Gaussian process (GP) can be loosely defined as an infinite
collection of RVs, such that every finite subset of these variables
follows a multivariate normal distribution [67,68]. Here, we focus
on regression and prediction, as is typical of machine learning and
assume that the function we wish to learn is a GP. Both GP
regression and prediction are Bayesian methods [70]. One should
note that such methods are not the same as the frequentist ap-

w, (229 () Z“rﬁ®1}MHMW @)

proaches more commonly used in the electrochemical field
[2,4,7,32], where one simply fits a model such as an equivalent
circuit or a physical model, to the experimental data to obtain an
estimate of a parameter. In fact, being Bayesian, the GP-DRT pro-
vides the probability distribution function of y(logr) given the
experimental observations.

Let us be more formal and consider g(x) as a GP with a mean
function m(x) and a covariance (or kernel) function k(x,X’), i.e.,

k(x, X)) 3)

where x and X’ both are input points. We remark that
m(x) = E[g(x)] and that k(x,x') = E[(g(X) — m(x))(g(x') —m(x')) ],
where E[-] is the expectation. If we initially assume m(x) =0
[67,68,70] and take N experimental observations at X1, X5, ..., Xy,

8(x) ~ 77(m(x),

then (3) defines a joint Gaussian distribution p(g(xy),...,2(Xn))
given by
p(8(x1),....&(xn)) =-7'(0,K) (4)

where .77(0,K) is the Gaussian or normal probability distribution
function with zeros mean and covariance K. K is defined as (K); =

k(x;,x;) with i,j = 1,2, ---,N or as a shorthand K = k(X, X) with X =
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(X17X27 .‘.7XN).

For a given measured dataset & = {(Xp,yn),n = 1,2, ...,N},
where the observation y, is the realization of g(x;), we can calcu-
late the posterior, i.e., the probability of g known the data y =
(¥1,--,¥Yn) . More specifically, it can be supposed that the
observed dataset & has noise ¢ ~ .#(0,63), such thaty, = g(Xn) +
e. Our goal is to predict g(X4 ), the value of the GP g(x) at an un-
observed point x4 . Following the definition of GP, y and g(x4) are
correlated and have a joint multivariate Gaussian distribution:

y O\ K+l Ky
(g(x*)) ! <O7< Ky I<**>> ®

where (Ky ), = k(Xx,Xn) 0T Ky = k(X X), Kaex = K(Xx,Xx),and Iis
the identity matrix. As y is known from the dataset &, the proba-
bility distribution function of g(x4) conditioned on y has the
following expression [68], see Appendix A:

PEXx)Xx, X, Y) =1 (kx, s Zx,) (6)
with
-1
e, =Ky (K+021) 'y (7a)
-1
Sx, =kax — KJ (1( + aﬁl) Ky (7b)

Therefore, this procedure allows the prediction of g(x4) as a
normal RV with mean u,, and covariance Zx, .

2.1.2. Linear transformations of Gaussian processes

One useful property that will be exploited is that GPs are closed
under linear transformations [67,69]. This implies that, if a linear
functional! #x(+) is applied to g(x), then <x(g(x)) is also a GP. In
particular, if g(x) is defined as in (3), then

Zx(8(X)) ~ £2(0, Zx(Lx (k(X,X)))) (8)
and

k(x,x)

<Jfg()x))>~zw(o, (yx(k(x,x')) ) ))

x(Lx(k(x,X)))
9)

2.2. The DRT formulation

Here the DRT model given in equation (1) is reformulated so as
to exploit the properties illustrated in Section 2.1.2. It should again
be noted that the DRT framework rests upon the assumption that
we can model the impedance ZPRT(f) as [46,48]

oo

[ 1
Jo mg(r) dr (10)

ZPRT(fy —i27flg + Reo +

where g(7) is a timescale distribution [10] and y(logr) = 7g(7).2
The EIS is usually measured with the frequencies spanning

across several orders of magnitude, typically from mHz to MHz.

Therefore, it is natural to define the log-frequency ¢ = logf = —

1 A functional is a function that has as input a function and as output a number.
2 We note that we use the log(+) improperly and we should understand that both
fand 7 are dimensionless variables.

log 7, so that (1) can be rewritten as

G <Rt | —— ) dE (11a)

1 4 (2mef—)

) =2aflo— | 2T _y(F)dE (11b)
—o1 4+ (2mes—¢)

We indicate v (&) as the DRT, which is interchangeably denoted
with a notational abuse as (), y(logr), or y(logf). We must stress
that to keep the notation compact we will use § in the ensuing
formulas. A similar abuse of notation will be used for ZPXT(f), which
is interchangeably indicated as ZPRT(f) or ZPRT(£). Without loss of
generality [71], we will start our discussion by dropping drop R,
and Ly to rewrite (11) as follows:

ZPRT(E) = 2 (v(6)) + i (v(6)) (12)

where the two functionals #;°(+) and M (.) are defined as

7= (13a)

' —o1 4 (2mei—£)?

) ‘J 27@*5? () dE (13b)
o1 1 (2mei-f)

2.3. The GP distribution of relaxation times (GP-DRT)

In this section we recast the DRT model probabilistically using
GPs. As already outlined above, we assume that y(£) is a latent GP.
Formally, as the functionals defined in (13) to y(§) are applied,
ZPRT(£) is generated via (12). As reported in Section 2.1.2, it follows
that ZPRT(£) is also a GP because GPs are closed under linear
functionals [67,69], and since ZPRT(¢) is derived from (&), the two
are correlated. Within this modeling framework, if the impedance
data at certain frequencies is given, then one can estimate the latent
(or hidden) variable v(§) at those frequencies. Since y(¢) and
ZPRT(£) are correlated GPs, one can predict both the DRT and the
impedance at any new log-frequency &,. We should note that the
GP-DRT approach has several advantages over other DRT regression
methods because:

1. We can use the GP-DRT to conduct prediction. In other words,
the mean and standard deviation of both impedance and DRT
can be computed at frequencies other than those measured
experimentally;

2. The hyperparameters of the GP-DRT model can be selected
rationally by maximizing the experimental evidence as will be
discussed in Section 2.3.4.

For technical reasons, which will be illustrated at the end of this
section, we will only use the imaginary part of the impedance to
estimate the DRT and to perform predictions. From a practical
perspective, we will leverage multivariate Gaussian RVs, especially
their conditioning and marginalization. Several useful properties of
multivariate Gaussians are given in Appendix A, which the reader is
recommended to read.
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2.3.1. Basics

We start by considering the imaginary part of the impedance
and the corresponding functional (13b). First, we assume that y(§)
is a GP defined as

Y(§) ~ £2(0,k(.£) (14)

Since ZDRT(£) = J‘{“ (v(£)), see (12), it follows that both y(£) and
ZE&T(E) are GPs with

( 7©) ) orlo [ ED LIk E))
@) T\ U\ ek s) s (2kE )

(15)

It is then supposed that the measured impedance is affected by
random errors, i.e.,

Zid O =Zin'(5) +e (16)
where & ~.7°(0, ¢2). All errors are taken to be independent and
identically distributed (i.i.d.). Furthermore, we assume to have N
observations, which are entered in a random vector (Z3F), =
Z3P(€,) with &, = logfy and n = 1,2,...N. The latent variable at the
measured frequencies £ = (£1,%,,...6y) " is taken to be a random
vector such that (), =v(£,). Therefore, from (15) and (16), we can
write following a line of reasoning similar to the one illustrated in

Section 2.1.1 that (y,ZXP) "

T Im

” of K ZimK .
~
VA "\ K 72 K+ ol (a7

where I is an N x N identity matrix, and the matrices K, K,
72 K eRN*N are defined as follows (n,m = 1,...,N):

is a multivariate Gaussian RV, i.e.,

() = k(n,Em) (18a)
(Z i) = |2 (kE D), 2, (18b)
(L) = | LD (18¢)
(72K) = |7 (ZKEE), ., (18d)

From (18) and with an abuse of notation already used in this
section, we can define the following matrix-valued functions (see
Appendix B for details):

K=K(,£) (19a)
ZimK=ZimK(E, ) (19b)
7t K=t K(EE) (19¢)
7% K=272 K(E,§) (19d)

where we should note that, as shown in Appendix B, J?ml( =
ZinKT.

2.3.2. Inversion
Using the GP formulation (15) and (16), we can estimate y given

the imaginary part of the experimental impedance. This is done by

e e . exp :
conditioning v from (17) with respect to Z_ . In short, we can write
that [67].

Y Zler)lflp ~ ,ﬂf’(u’ylzie;p’ E/Y'Zier);p) (20)
where

-1
Wyjzow =L imK(LEK + a20)  Z5%P (21a)

-1
z, o0 =K - ;ziml((;fizml( + aﬁl) ZiKT

im

(21b)

It should be stressed that the DRT (at the log-frequencies §) is a
Gaussian RV, whose mean and covariance can be computed
analytically using (21). These formulas depend on 1) the kernel, k(¢,
£'); 2) the noise level, o; and 3) the experimental data, Z>" (at the
log-frequencies &). In Section 2.3.4 we will show one method to
select the hyperparameters, the parameters of the kernel and the
On.

2.3.3. Prediction

The GP-DRT can also be used to predict the impedance at a log-
frequency &4, which was not measured before. We can perform
such a prediction by noting that, since both (15) and (16) hold, the
joint distribution of latent v, target (Z7P), and predicted

(A/(E,.(),ZHIET(E,’,.())T RVs follows a multivariate Gaussian distribu-
tion. Therefore, we can write

Y
z50
~. /(0,2 22
vEa) > 22)
Zim' (Ex)
where
K ZimK KELx)  ZimK(EEx)
- A K ZE Kol Y KEE,) LK (E )
KEx:8)  ZimKExi8)  kExfx)  Zimk(Exibx)

It KEw.8) L2 KERE) ZF k(Ewbu) LEk(EwEx)
(23)

It follows directly from (22) that

y A i SEK+ 2l 72 K(EEy)
Zin' € LiKEE)T ik Ee)
(24)

Therefore ZEET(E*), i.e., the imaginary part of the impedance
predicted at £, is an RV that can be obtained from the imaginary
part of the experimental EIS data, Z2XP, using the conditional dis-
tribution [68,72].

ZRT (£ )

Zier)r(]p ~ N (”Zﬁﬂ y EszT> (25)

im*

where
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Y®) k(E.£) ZEkEE))
XE) |~ m|o | LEKEE)  ZF(@EKEE))

ZX1 ()

y

. i -1
ooy = L K(EEu) T (LKt a20)  Z3P (26a)
Zponr = L aK(E e, Ex)
_ P -1 .
~ ZEKEE)T (YRK+a3) ZTKE £ (26b)

It also follows from (22) and (23) that

( Z?;(]P ) ~ N <0, ( g7i2mK + ‘7%[ g7iml((g*7 E)T )) (27)
Y(Ex) ZimK(Ex,§) k(Ex:6%)

where we note ;Z’?ml((E, £x) = ZimK(Ex, &) 7. Again, by condi-
tioning we can write

'Y(g*) Z;Er):lp ~ ('/1/3(’1")/* ’ 2’Yy,) (28)

with

o . -1
g, = ZimK(Ex, ) (yfmk + aﬁl) A (29a)

Sy, =K Ex) L imKEx ) (23K 4 ) LK E)T
(29b)

This derivation implies that the y(£,) can also be predicted
given the experimental data ZP.

2.3.4. Selecting the hyperparameters

As already illustrated in Section 2.3.2, the matrix formulas given
above for means and covariances depend on the experimental data
and the hyperpameters of the model. While during the data anal-
ysis phase there is little control over the experimental data, all
hyperparameters can be chosen, including the kernel k(¢,£') and
the (unknown) noise level ¢,,. Hereon, we constrain the kernel to be
a squared exponential, i.e.,

kE8) =apexp( -~ 556 £)?) (30)

and we will modify its two parameters, o and . Therefore, the
vector of hyperparameters of the GP-DRT is assumed to be 6 =
(an,af,Q)T

A 6 can be selected by maximizing the marginal likelihood, the
probability,p(Z*XP|£,0)° of measuring the data, ZIXP. The

3 We emphasize pedantically the conditioning with respect to £ and 6 as both
parameters influence the evidence.

(k)

LINLEKEE) (34)
KEE)) ZE(LKEE)) L (2KE )

maximizing @ is the one that would have most likely resulted in the

measured experimental data. We note that Z;*? |0 ~ ./"(0, 22 K +

o21). Therefore, we obtain the following marginal log-likelihood
(MLL) [72]:

-1
log p(Z2P[6.0) = 2507 (“K 4 o2) ZP
1 N (31)
+ —log 72 K+ 21| - 5log2m
We will call L(#) the negative (and shifted) MLL (NMLL):
exp N
L(0)= —logp(Zim {5,0) —jlogZﬂ (32)

It follows that the experimental evidence is maximized for

6 = arg minL(6') (33)
p

We also note that, in order to minimize L(#), one may use a
gradient-based method which requires the computation of VL(#).
This can be done analytically as shown in Appendix C.

2.3.5. Comment

It would haven been tempting to combine the real and imagi-
nary parts of the impedance formally. We note that if the DRT
model (12) and (14) hold, then the following also holds:

However, we must remark that, as shown in Appendix B,
LE(CEKEE))) =0 (35)

The covariance being infinite renders impractical the use of the
real part of the impedance. While we will not attempt to use such a
portion of the data, we will discuss in Section 4 how this issue could
be overcome.

2.4. The GP-DRT with inductance

In this section we are going to relax the hypothesis that Ly = 0
used in (12), and, instead, set that

() 0

(za‘ﬂs)) ~1o( z0e:)

conlo K€D LPKEE) a6
T\ ke o (wrke )

where Ly is a normally distributed RV, ie., Ly ~.7(0, 0%), inde-
pendent with respect to the right hand side's GP, which is identical
to the GP defined in (15). If we integrate out the Ly in (36), we can
write [70,71].
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k(E,E') ZEMK(EE)

"0 ) oo 37
(Z%‘T<E>> ( IIKEE) 2 LIKEE))) + oFhEh(E) =

where h(£) = 2mef. Therefore, using the same procedure used for
(17), we obtain

y ol K ZimK 2
)"\ T\ K 22 K+02l+othhT (38)

where h = (h(¢1),h(,), ..., h(Ey)) T . With an analogous procedure
as the one used to derive (22) and (23), we can also write

-1
B h' (2 K+021) Z5%P
L0: < im n ) mj] (44&1)
o2+h' (:/’izml( + o’%l) h

R=h(ex) ~ (L3 + A1) LK) (44b)

Similarly, we obtain that

20 ( z’ ) -~ (0 (f?mK +o2+o?hhT 2 KE )T ))
i;m ~.1(0,%) (39) Y(Ex) 4 / ZimK(x,8) k(Ex,€x)
'Y(s*) (45)
ZDRT(E4)
therefore
where
K ZimK K(,£4) ZimK(E,£y)
< 7% K ;Z’ime +o2l+ofhh’ I KEE,)  Z2KE ) +oth(Ewh (40)
Ky, 8) ZimK(Ex,§) K(wrEx) Zimk(Ex, %)
ZEKELE) LEKERE +0thEhT L k(E Ey) Lhk(EwEx) +oPh(Ex)?
It follows directly from (39) and (40) that
A o 72 K+a2l+d?hh’ 72 K(E,£x) + ath(E4)h (a1)
X ) U\ CRKEED)T +othEohT 2 k(Ex Ex) + afh(Ee)?
exp a
By conditioning ZPRT (£, ) to the data, we can write [71]. 7(Ex) ’Zim ~ Ay, Z,) (46)
with
ZE-II}T (f *) Zier)r(]p ~ A <,U~é_DRI > Eépkl ) (42)
-1
where y, =ZimK(E 4 6) (£ 3K+ 2L+ ofh W) Z¥P (47a)
— y -1 —
o =h(E)lo + 7T, K(E ) T (73K+0) (232 -n" L)
(43a) Sy, =k(Ex.6x)
|
— 7Ky, ©) (:fizml( + 021+ o?h hT> i KERE)T
2
Sl = Sy + R (43b) (47b)

o2 +hT (75 K+031) h

with

As shown previously in Section 2.3.4, we can also derive the
marginal log-likelihood (MLL), which, under the assumptions of
this subsection, is given by
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R K(E.€)
7 (0. (cpiic &

Zare joint GPs

_Zun/S2

6 = arg minL (6')
9/

Hyperparameters obtained
from likelithood minimization

im ( (
1111 ( Eun (

i 2)))))

7/Q

§ = log(f/Hz)

& = log(f/Hz)

Fig. 1. Schematic illustration of the GP-DRT framework.

_1
log p(ZeXP £ 0) 2zeXlDT (32 K+a2l+o hhT) e
+ - flog 72 K+d2l+0?hh'| - —log 27
(48)
3. Results

The GP-DRT model, schematically shown in Fig. 1, will be tested
using both synthetic and real experimental data. First, the synthetic
experiments are analyzed to test the consistency of the method-
ology. Specifically, since the exact impedance and DRT are both
known a priori, it will be verified that the GP-DRT can recover both
quantities. In doing that, the influence of the hyperparameters on
both inversion and prediction are illustrated. Furthermore, it will be
shown that these hyperparameters can be chosen optimally. It is
also demonstrated that the GP-DRT is robust to noise, missing data,
and overlapping features in the timescale distribution. As a second
step, the GP-DRT framework will be applied to actual experiments
in order to gauge its capability to handle real data. In particular, the
GP-DRT model is benchmarked against the previously developed
Bayesian DRT methodology [49,57,73].

3.1. Synthetic experiments

In this subsection the GP-DRT model is tested against synthetic
experiments to ensure its consistency. The influence of the hyper-
parameters is also illustrated. Further, the GP-DRT is shown to be
able to consistently handle severe noise, spectral truncation,
bimodal timescale distributions, and inductive features. Before
starting a systematic analysis of the synthetic and real EIS data, we
recall that we will use interchangeably vy (logr), v(logf), or y(£) and

that a similar notational abuse also applies to ZDRT(f) and ZDRT (&)

3.1.1. Exact impedance
The analysis of the synthetic data is primarily based on the
impedance of a ZARC element consisting of a resistance placed in

Table 1
Parameters used for the exact impedance model.

Parameter Numerical Value
R 10Q

Ret 50 Q

To 1s

T 0.1s

() 10s

[0} 0.8

Lo 50x 104 F

parallel to a constant phase element (CPE) [74]. The Z&Xact(f) is
therefore given by

1

Zexact — Roo +
” &+ C(i2nf)?

(49)

where C = ;—i and the specific parameters used are shown in Table 1.
As is well known, the DRT of (49) is given by Ref. [75].

sin((1 — ¢))
27r cosh(¢ log(7/7g)) — cos(m(1 — ¢))

v(logr) = (50)

In Fig. 2, we report the Nyquist representation of the impedance,
panel (a), and the DRT, panel (b). This shows both the exact
impedance given by (49) and its noise-corrupted counterpart
Z8*P(f) given by (16), where we set g, = ¢XP = 0.1 Q!/2.* We recall
once more that the current version of the GP-DRT model does not
use the real part of the impedance data.

3.1.2. Qualitative considerations

Starting from the synthetic data, we illustrate the influence of
the hyperparameters on the recovery of the latent DRT, y(£), and
the imaginary part of the impedance ZDRT ).

First we set gy = 1 and o, = 03,"". As shown in Fig. 3, changing

4 We note that this expression is an abuse of notation because ¢, is de facto an
hyperparameter, while ¢t® is the amount of noise given to the synthetic
experiment.
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Fig. 2. (a) Nyquist plot of the exact ZARC impedance, Z, (solid line) and the synthetic experimental data (red dots) (¢ = 0.1 Q'/2), and (b) the corresponding exact DRT, y. Note
¢ = log f. (For interpretation of the references to colour in this figure legend, the reader is referred to the Web version of this article.)

the length scale ¢ of the kernel has a dramatic influence on the
recovered y(§) and ZE&T ). In the left-hand panels, we report the
exact and the inverted DRT given by equations (50) and (20),
respectively. The right-hand panels depict instead the imaginary
part of the impedance including its exact value, the synthetic
experiment, and the recovered value from (24). As the standard
deviations are small, only the mean (red line) is visible.

A small € (here we have ¢ = 10-2), see panels (a) and (b) of Fig. 3,
is indicative of only short range log-frequency correlations (30).
This choice results in: 1) a rather large variance as indicated by the
shaded area around the mean (red line), see Fig. 3 (a); and 2) a
significant discrepancy compared to the experimental impedance,
see Fig. 3 (b). The DRT peak is lower than the exact one and does not
result in significant oscillations at either low or high frequencies.
Raising the value of ¢ to 1 gives a closer matching of the peak height
in the DRT, see Fig. 3 (¢), and an improved recovery of the imaginary
part of the impedance as shown in Fig. 3 (d). It also leads to a
greater confidence in the recovered DRT as shown by the far smaller
shaded area. However, oscillations are stronger at both low and
high log-frequencies. This is in contrast with the ¢ = 10-2 case,
where the shorter-range log-frequency correlations hamper the
oscillations. Increasing 2 by an order of magnitude to 10 has a
deleterious impact on both the inverted y(£), see Fig. 3 (e), and the
recovered impedance ZE}}T ), see Fig. 3 (f). Under these circum-

stances, the correlations are so broad that both y(¢) and ZPXT(f)
effectively flatten out.

To better understand the results presented above, let us directly
inspect K and 7K, two of the important matrices used in Section
2.3 and given by (18). The parameter ¢ strongly influences both
matrices, as shown in Fig. 4. Choosing a relative short cross-
correlation scale (2 = 102) results in a diagonally dominated K
matrix, see Fig. 4 (a). The fact that K is mostly diagonal implies that
the value y(£) at a certain log-frequency £ is only influenced by a
small number of § values directly adjacent to it. Applying the
functional (13b) twice gives the 2K as illustrated in (18d). Since
the integral is convolutive in nature, the number of non-zero en-
tries in the 2K matrix increases relative to those in K, see Fig. 4
(b). This means that 2K implies far broader correlations than K.
In other words, while the DRT may not strongly cross-correlated
across the log-frequencies for low enough &, the values of the

ZEET ) depend on each other across a far broader spectrum. As

shown in Fig. 4 (c) and (d), increasing ¢ to 1 broadens #>K more
strongly compared to the = 10~2 case. This is also in agreement
with intuition and the results that relate to Fig. 3 (c) and (d). As
already illustrated when discussing Fig. 3 (c) and (d), increasing ¢ to
1 has a positive impact on the recovery of ZEI'}T ) but yields
stronger oscillations in the y(£).

3.1.3. Hyperparameter optimization

We show now how the hyperparameters can be optimized
based on the experimental data. We will not only change ¢ para-
metrically as done in Section 3.1.2 but we will also set all values in
the vector § = (on, oy, 2). For illustration purposes, we start by
varying only two elements of § (s; = 1) and show the L(0) given
by (32) as a function of ¢, and 2. We recall that, as explained in
Section 2.3.4, L(0) is closely linked to the maximum likelihood and
minimizing this function corresponds to maximizing the experi-
mental evidence. At the minimum the model output, ZDXT(f), is
closest to the synthetic experiment, Z:XP(f). In other words, the
minimized hyperparameters are the ones that best comply with the
data, which is illustrated this in Fig. 5. From Fig. 5 (a), we observe
that the minimum in the (¢,0,) plane is obtained for o, =05,
consistently with the value of the added noise. The £ is approxi-
mately equal to 1, the value used for some of the results presented
in Section 3.1.2 above. We then set (£, o) to be equal to its value at
the star symbol in Fig. 5 (a) and seek a gf which can further mini-
mize the L(#). Fig. 5 (b) shows that a rather sharp minimum can be
located at g7 =5 further improving the adherence of the model with
the synthetic experiment. However, it must be noted that this is not
the true minimum of L(#). The latter can be instead obtained by
minimizing all entries of the vector # simultaneously. The obtained
value 6 shown in Table 2 (case 1) gives the y(£) and ZE&T ) shown
in Fig. 5 (c) and (d), respectively. Unsurprisingly, this value im-
proves (at least visually) the recovery of the imaginary part of the
impedance ZPRT(f), see Fig. 5 (d). Minimizing L(0) yields the latent

m
DRT, y(£), shown in Fig. 5 (c). Fringes of higher amplitude are
present compared to those observed for Fig. 3 (c). The emergence of
these fringes is a direct result of the minimization strategy, which
does not aim at optimizing the latent (or unseen) function v (£), but
rather optimizes the GP-DRT model parameters with respect to the

. . . exp
given experimental evidence Z; " (f).
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Fig. 3. Recovered DRT, v, (left panels) and imaginary part of the impedance, Z;,,, (right panels) for different kernel length scales: (a) and (b) ¢ = 1072; (c) and (d) ¢ =

and (f) ¢ = 10. oy = 62 = 0.1 Q'/? was used for all plots.

3.1.4. Influence of experimental errors

The above discussion has shown that by using the imaginary
part of the EIS data, one is able to recover the latent function, y(£).
Since we have used only one computational experiment, we now
wish to see if the qualitative conclusions drawn above still hold for
more synthetic experiments and for larger experimental noise,
o3P, To this end, 1000 synthetic experiments were generated using

(16) for each ¢S*P/Q'/2 = 0.1,0.2, ..., 1.0. After generating each
synthetic experiment, the optimal # by minimizing the NMLL
function L(#) was computed. Fig. 6 presents a box plot of the
optimal #’s over 10,000 stochastic experiments. The box extends
from the 25% and 75% quartiles with the notch being the median. As
seen in Fig. 6 (a), minimizing the NMLL leads to an accurate re-
covery of o5*P by o, (the actual “experimental” values are plotted as

the dashed line). Unsurprisingly, as we increase 5P, the

25

(b) ® synth exp
] m— (GP-DRT

10° 102

f/Hz

102

_Zim/Q

10° 102 10t

f/Hz

102

201
N

10 1

_Zim/Q

-5 .
102

T

10° 102 104

f/Hz

1(c); and (e)

uncertainty on o, increases as evidenced by the larger box. The
increased uncertainty of ¢, also holds for other two parameters £
and oy.

Fig. 7 explicitly reports the synthetic impedance Z{}P(f), the
inverted v(£), and the fitted ZDRT(f) for two synthetic experiments
with ¢5® = 1 (panels (a), (c), and (e)) and ¢5*° = 3 (panels (d), (d),
and (f)). The optimal hyperparameters for these two experiments
are also reported in Table 2 as case 2a and 2b, respectively. As g5 P
increases from 0.1 (Fig. 2) to 1 and 3, the impedance is far noisier,
leading to larger uncertainties (gray regions) relative to y(¢) and
ZEET ). We must note two significant results: 1) in spite of the
significant noise, the GP-DRT is still able to recover the correct
mean impedance; and 2) the enlarged experimental uncertainty
0¥ is encoded directly in the model, which can quantitatively
assess it by selecting (via the minimization of L(#)) the



10 J. Liu, E Ciucci / Electrochimica Acta 331 (2020) 135316

1.0
0.8
0.6
0.4
0.2
0.0
c
© .
10 1.0
" 0.8
EN 0.6
T
= 0.4
107
0.2
10" 0.0

4

(b) 10
10~

0.012
102 0.010
0.008
N
T
= 10° 0.006
) 0.004
10
0.002
10* 0.000
d f/Hz
(d) 10t 1072 7o 102 10*
10~
1.0
1072 0.8
N
on 0.6
=g
S
0.4
10?
0.2
10

Fig. 4. Values of the entries of the, (a) and (b), K and, (b) and (d), #?K matrices. (a) and (b) correspond to & = 10-2, while (c) and (d) to ¢ = 1. The row and column numbers have

been substituted by the corresponding frequencies.

Table 2

Optimal hyperparameters obtained by minimizing the NMLL function L(8).
Case Description n af Q ar Figure
1 Hyperparameter Optimization 844 x 1072 5.44 0.89 5(c),5(d)
2a Increased Experimental Errors P = 1.0Q!2 0.83 5.41 1.25 7(c), 7 (e)
2b P —=3.0Q'2 2.45 5.33 1.40 7 (d), 7 (f)
3a Truncated Data at 1073 Hz 0.10 5.80 0.94 8 (c), 8 (e)
3b at 102 Hz 0.11 6.03 1.02 8 (d), 8 (f)
4a Overlapping Timescales (7; = 0.1s) 7, =105 8.24x 102 7.81 0.86 9(c), 9 (e)
4b ™ =1s 8.30 x 1072 8.17 0.83 9(d), 9 (f)
5 Inductance Added 0.42 5.64 1.22 5.07 x 1074 10
6 SOFC Experiment 3.89x 104 3.85x 1073 130 5.35x 1077 11
7 LIB Experiment 137 x 10~* 5.09 x 10-3 037 6.37 x 1077 12

corresponding hyperparameter oy.

3.1.5. Truncated data and prediction

We now test if truncating the data at a certain frequency can still
allow us to estimate y(£) and ZRRT(f) reasonably well. The same
synthetic impedance data reported in Fig. 2 is used but it is trun-
cated at 10-3 Hz, see Fig. 8 (a). The GP-DRT can be used to predict
the y(£) beyond the experimental range (for f < 10~3 Hz) as shown
in Fig. 8 (c). While the predicted mean does not deviate significantly
from the exact values, the standard deviation is particularly large,
suggesting significant uncertainties. These uncertainties start
before (at f=10-2 Hz) the enforced cut-off (at f = 103 Hz) and

broaden significantly when approaching it. In contrast, the recov-
ered ZPRT(f) appears to be compliant with the synthetic experi-
ment only for f > 103 Hz, see Fig. 8 (e). At lower frequencies,
consistently with intuition, uncertainties increase and result in a
widening of the credibility band.

It should be stressed again that the predicted values, both the
hidden y(£) and the prediction ZEET ), are less reliable outside the
measurement region. The same issues also emerge for EIS data
truncated at 102 Hz. It is worth noting that, unsurprisingly, the
optimal values of 8, which are reported in Table 2 as case 3a and 3b,
are different from the ones used in case 1 in Table 2. Cutting off the
impedance at low frequencies results in additional oscillations of



J. Liu, F. Ciucci / Electrochimica Acta 331 (2020) 135316

(a) 10’ 107
100

10 10°

S 10!
1071 10°

10°

10*?072 10!

— eX&Ct

== (GP-DRT

100 10*

f/Hz

102

11
(b) 100
50 1
IR
~
—50 1
—100 : - 4
10° 10! 102 103
ar
(d) 25
® synth exp
201 m— CP-DRT
10 102 10° 10° 10!

f/Hz

Fig. 5. (a) L(f) as a function of ¢ and ¢y with g = 1; (b) L(6) versus o7 with ¢ and 7y at the values at the star symbol in panel (a). The recovered (c) DRT, v, and (d) imaginary part of

the impedance, Zj,.

a b
( ) 1.2 1 ( )1.6 |
1.0 1 X 1.4
0.8 1 ’ 1.2+
S K= = 107
* 08 7
0.4 1 %
¥ 0.6 3
0.2 1 % 8
& 047 8
0.0 H— . . , . :
00 02 04 06 08 10 00 02 0
oD

n

{o coome——— TI—— o
[0ear o 4 X i
2 | aoonme e |
@O {
= 1O O X i
of
wt ot ot ot [=2] D
\] = D oo o [N
(e]e)
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the DRT at high frequencies, see Fig. 8 (c) and (d) for f> 10 Hz
However, such fringes were not obviously present in untruncated
data as illustrated in Fig. 5 (c). The larger the cutoff the more
strongly the high frequency region is affected. This underpins the
nature of the functional 7, (+) that being a convolution leads to
significant correlations in frequency space, as is apparent from
(13b). Again, this result is consistent with the discussion in Section

3.1.2 regarding K and #?K.

3.1.6. Overlapping frequencies

We will further test if the GP-DRT model can recover over-
lapping features by summing two ZARCs, which have the following
impedance response [49,57,73].

1 1

Z9(f) = 2R + , + ,
Lic@nf)? g+ Gliaf)’

Ret

(51)

b b
with C; = gL, G, = g2 and specific parameters reported in Table 1. To

generate the synthetic data shown in left-hand panels of Fig. 9, o5P
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is set to 0.1 Q'/2.

We first study separated timescales with 71 = 0.1 s and 7,
10 s. The Nyquist plot reported in Fig. 9 (a) clearly shows two semi-
circles. The DRT obtained by (50) also depicts two well separated
main peaks corresponding to above two different timescales, see
Fig. 9 (c). By minimizing the NMLL function L(), the optimal
hyparameters are obtained as listed in Table 2 and the recovered
v (&) is also plotted in Fig. 9 (c). We find that the GP-DRT well fits the
two main peaks of v(§) and estimates the mean of y(¢) at higher
frequencies for f>10-2 Hz The uncertainties become higher at
lower frequencies, which is also visible for a single ZARC model, see
Fig. 5 (c).

To further test the capability of the GP-DRT model to recover
overlapping DRT features, we reduce 7, by an order of magnitude

and keep 71 constant (7; = 0.1 sand 7, = 1.0 s). As shown in Fig. 9
(b), the Nyquist plot appears visually as a single depressed semi-
circle. Further, the two peaks of the exact y(§) are much closer to
each other, see Fig. 9 (d). The GP-DRT model with the hyper-
parameters given in Table 2 (case 4a and 4b) obtained by mini-
mizing L(#) can still capture the key features of the DRT and match
the exact y(£) well. However, similar to the 7, = 10 s case of Fig. 9
(c), oscillations with high variance appear at low frequencies. The
recovered imaginary impedance ZEET ) for both cases are shown in
Fig. 9 (e) and (f), which appear to adhere remarkably well to the
exact value. While many more simulations will be needed in the
future, these results suggest that the GP-DRT model can recover the
exact DRT and the impedance even if there are overlapping
features.
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3.1.7. Inductance

We then use the theory of Section 2.4 to obtain the DRT of the
ZARC model (49) with an added inductance L. This corresponds to
the following exact impedance:

ZEX(f) —i27flo + Reo + : 1

&+ C(i2xf)? (52)

In Fig. 10 (a) we report the ZexP(f) for ¢5 = 0.1 Q'/2. 10,000

synthetic experiments (1000 experiments for each ¢5*) were car-
ried out in the same spirit as the ones conducted in Section 3.1.4.
The optimal hyperparameters ¢, and o; listed in Table 2 (case 5) can

be used to estimate Ly, see equation (44). The results of these
simulations are reported as a boxplot in Fig. 10 (b). The average L

consistently matches the exact value and its confidence region
broadens as the noise increases, highlighting the ability of the GP-
DRT to handle inductive features. The recovered DRT and imped-
ance shown in Fig. 10 (c) and Fig. 10 (d), respectively, match well
with the exact noise-free values.

3.2. Real experiments

3.2.1. SOFC impedance

We analyzed the EIS data obtained by testing a symmetrical cell
with a BaggsLlaggsFep.g5Po 0505_5 electrode and 15% Samarium-
doped ceria as the electrolyte with an active area of approxi-
mately 1cm?2 [76]. The symmetrical cell's EIS spectrum shown in
Fig. 11 (a), was measured at 700 ° C in synthetic air (po, =0.21 atm)
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over frequencies from 0.1 Hz to 2.47 x 10% Hz with 15 points per
decade (ppd). The experimental data was first modeled as a single
ZARC circuit, whose parameters are reported in Table 3. The Nyquist
plot of the EIS generated by the chosen ECM is also shown in Fig. 11
(a). Using the ZARC model, y"f(£) can be calculated using (50), see
Fig. 11 (b). Following the same procedure used in Section 3.1.7, we
minimize the NMLL, L(@), to obtain the optimal hyperparameters
used to recover the latent y(§) shown in Fig. 11 (b). It is noted that
the GP-DRT matches well to y'f(£)’s main peak, which is located at
f=10%Hz. The y(¢)’s credibility is generally high but decreases
away from the peak. In addition, the GP-DRT estimates Ly as 5.31 x
10-7 F, which is much close to the value fitted by ECM as listed in
Table 3. We also conducted Bayesian RR [49] to compare the
recovered vy(§) against that obtained by GP-DRT. As illustrated in

Fig. 11 (c), the RR deconvolution matches the y™f(¢) well and

= 0.1 Q'/2. The recovered DRT, v, (c) and (d), and imaginary part of the impedance, Z;,, (e) and (f) are also illustrated. (For interpretation of the references to

displays a credibility higher than that of the GP-DRT. Lastly, Fig. 11
(d) shows the reconstructed imaginary parts of the EIS data by GP-
DRT and RR. The two deconvolutions overlap and fit the Z{}P(f)
well. We must stress that, while the Z;, (f) obtained using the GP-
DRT is a GP with a narrow credibility band, its Bayesian RR coun-
terpart is simply a function obtained by mapping of the maximum a
posteriori prediction (the black line of Fig. 11 (c)) to the impedance.

3.2.2. Commercial LIB spectra

We used the GP-DRT model to analyze a previously reported EIS
spectrum of a commercial lithium-ion battery (LIB) [57]. A com-
mercial LIB (LiCoO,-Ansmann 18650) was tested at 25% state of
charge at room temperature. The EIS, which is reported in Fig. 12
(a), was collected from 5 mHz to 600 Hz. We chose this spectrum
because it provides a challenging test for the GP-DRT model [66,77].
We first fitted the measured EIS to an ECM composed of 3 ZARCs:
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1
Zgem(f) =27flg + Reo + - + -
re + Cr(@2af)? gL+ Gy(i2nf)™

1
T
s + Ca(i2af)?

(53)

with the regressed parameters listed in Table 4. The DRT obtained
by (50) is the y™f(£) plotted in Fig. 12 (b) and (c) as a reference. As
illustrated in Fig. 12 (b), the recovered y(£) by the GP-DRT model
captures the y™f(£)’s main peaks and values. However, the mean
value of the (&) has stronger oscillations and a broader credibility
region. The inductance Ly estimated by the GP-DRT is 5.20 x
10-7 F, a value matching the one obtained by the ECM fitting, see
Table 4. Following our earlier publications [49,73], we also decon-
volved the LIB spectrum using Bayesian RR to estimate the v(£), see
Fig. 12 (c). It is noted that, unlike the GP-DRT framework, the
Bayesian RR method has difficulty in matching well to the shape
and the position of the main peaks of y™f (£).

The recovered imaginary part of the impedance ZEET ) is
shown in Fig. 12 (d) together with the imaginary experimental
impedance Z:P(f). The GP-DRT approach matches the experi-
mental data with a high credibility. In contrast, Bayesian RR shows
clear discrepancy at low and high frequencies.

4. Perspective and future work

We have shown that the DRT can be interpreted as a GP. In
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essence, GPs generalize Gaussian RVs and the GP-DRT extends the
Bayesian DRT methods previously developed by our group
[49,57,73]. In the GP-DRT, we first define the latent (or unseen)
function vy(¢), which we identify as the DRT, to be a GP. We recall
that £ = logf = —logr and that v(§) is indicated interchangeably as

y(logr), or y(logf), and a similar notational abuse is used for ZPXT(f)

and ZPFET(E). Then, we apply a linear functional to y(£) to obtain
ZPFET(E), the imaginary part of the impedance. In doing that, we

show that y(£) and ZPRT(£) are two correlated GPs. The GP-DRT
consistently manages to identify the hyperparameters without
sacrificing computational tractability. The GP-DRT can be used to
solve two major challenges: 1) the inverse problem of determining
the DRT given the impedance data; and 2) the prediction of the
impedance together with its credibility. It is important to note that
one of the most striking features of GP-DRT is that it overcomes the
limitations of all approaches used to date for the analysis of the
DRT. This is because it allows us to select the hyperparameters
rationally by maximizing the experimental evidence.

Despite being highly effective, the GP-DRT has a few short-
comings, which are not addressed in this report. First, as it is
currently formulated, the GP-DRT does not allow using the real part
of the data. Second, we have not enforced any constraint on the
DRT, for example, there are no constraints set for v(§) with y(§) > 0.
Third, we implement the current GP-DRT only with a squared
exponential kernel. Hereon, we will suggests methodologies that
can be used to tackle these two issues.

4.1. Including the real part of the data

Equation (35) highlights one major limitation of the current



16
(@) 0.025 1 1.1 x 107
10.5
0.000 1
S
=
N': —0.025 A
|
—0.050 A ECM
@®  experiments
—0.075 - : :
1.425 1.475 1.525
2o
(c) 0030
— [ CM

=== Bayesian RR

102 10° 100 10° 106

J/Hz

100 10!

J. Liu, E Ciucci / Electrochimica Acta 331 (2020) 135316

(b)0.025
—_— ECM
== GP-DRT

0.020

0.015 A
S
~
¢ 0.010 1

0.000

102100 100 10°  10°

f/Hz

102 10°0 100 10"

(d) 0.04
0.02

experiments
== Bayesian RR
== (GP-DRT

102 107 10*

J/Hz

10° 10!

Fig. 11. (a) Nyquist plot of the impedance of the experimental SOFC data (red dots) and fitted ECM (solid line). Recovered DRT, y, by (b) the GP-DRT method and (c) Bayesian RR,
where in both panels the DRT of the reference ECM is also shown. (d) The imaginary part of the impedance, Z;,,, obtained by the GP-DRT (red) and Bayesian RR (blue) and

comparison with the experimental EIS. (For interpretation of the references to colour in

Table 3
ECM parameters obtained by fitting the EIS spectrum of the
SOFC shown in Fig. 11.

Parameter Numerical Value
Re 1.42Q

Ret 8.41x1072Q
0 1.88x 1074

) 0.64

Ly 520x 107 F

formulation of the GP-DRT: using the real part of the impedance
data leads to infinite entries in the covariance matrix. Such an
inconsistency can be overcome if bounds of integration are changed
in the functionals. For example, the following can be defined:

I3
3

yge(.)zj 1 A_(.)dg (543)
) fmin 1 4 (2mef—£)?
s > max 27‘(’6572\ o~
A= | I d (54b)
Emin 1 + (zﬂesf;)z

4.2. Positivity constraint

As seen in the many examples above, the latent y(£) estimated
using the GP-DRT model often oscillates away from the peak,
especially at the rim of the frequency spectrum. Also, the GP-DRT

this figure legend, the reader is referred to the Web version of this article.)

model repeatedly leads to estimated +y(£)’s that are not positive
everywhere, where negative values of y(¢) are unphysical. Such a
limitation can be overcome by constraining the latent variable 7y (£)
to be positive. Inspired by works on classification [67,78], this
constraint can be implemented by modifying the joint posterior to
include a probit likelihood prior that enforces y(£) > 0 [79]. Algo-
rithmically, this is done by approximating the corresponding
probability density functions (PDFs) either with a Laplace approx-
imation or an expectation propagation algorithm [80,81].

4.3. Choosing the kernel

In this work, we constrained the kernel, see Section 2.3.4, to be a
single squared exponential with a length scale parameter 2. How-
ever, this is not the only choice; different kernels or combination of
kernels could have been used [67]. In principle, instead of defining
the kernels in advance, the structures of kernels could have been
inferred from the data [82] for example by leveraging the Kramers-
Kronig relationships [50] and their connection to the Hilbert
transform [83]. Also, the selection of kernel functions and param-
eter estimation can also be implemented by the combination of GPs
and the approximate Bayesian computation algorithm [84].

5. Conclusions

In this work, we have developed the GP-DRT model. The GP-DRT
is a novel theoretical framework based on GP that recovers the DRT
from EIS data using analytical expressions without the need for
choosing the model hyperparameters arbitrarily. The model as-
sumes that the DRT, v(£), is a GP. Using the definition of DRT and its
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Table 4
ECM parameters obtained by fitting the EIS spectrum of the
LIB shown in Fig. 12.

Parameter Numerical Value
Re 0.11Q

Ret1 1.69x 102 Q
Ret2 212x102Q
Ret3 523x 102 Q
T 2.34x 103 s
T 020s

T3 75.30s

1 0.54

2 0.94

¢3 0.79

Lo 7.61x 107 F

relationship to the impedance, it follows that the imaginary part of
the impedance, ZPRT(f), is also a GP. Therefore, the PDFs of y(£) and

ZPRT(f) can be obtained by conditioning with respect to the
experimental data. While the performance of the GP-DRT model is
strongly affected by its hyperparameters, they can be chosen
rationally by maximizing the experimental evidence (i.e., mini-
mizing the NLLM L(6)). Both synthetic experiments and real ex-
periments indicate that the GP-DRT framework is capable of
recovering both the latent DRT and the impedance, even for mea-
surements with a high noise level, overlapping timescales, or
incomplete (spectrally truncated) data. In reference to the latter
issues, the GP-DRT can predict the impedance values and their
uncertainty at unmeasured frequencies. Moreover, the GP-DRT
model can include the inductances without deteriorating its

performance.

We also observe that the GP-DRT model performs well when
“real” experiments are analyzed. The method is particularly well
suited to fit the imaginary part of the impedance data. This feature
is attributed to the strategy used to optimize the hyperparameters.
These hyperparameters are obtained by maximizing the likelihood
of the experimental data.

In summary, the GP-DRT model proposed in this article provides
a completely new approach to DRT analysis. Not only can the
credibility of the obtained results be assessed, but also the model
hyperparameters can be chosen rationally. This approach will
certainly stimulate further work and improvement in this area.

Code availability

Code for tutorial examples is available at https://github.com/
ciuccislab/GP-DRT.
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List of abbreviations and symbols

v(&) Distribution of relaxation times, also written as y(logf)
or y(logr)

g(7) Distribution function

yref (&) Reference solution of DRT

Z%P Vector of experimental impedance

ZEXP(f) Experimental impedance, also written as Z¢*P(£)

ZPRT(f)y  Impedance by DRT, also written as ZPRT(£)
ZLe(+) Linear functional

W Mean function of GP

K Covariance matrix of GP

| Indentity matrix

p Covariance matrix of GP with respect to observations
k(£,£) Kernel function

€ Random error

on Standard deviation of experimental impedance noise
gL Standard deviation of inductance noise

af Hyperparameter of kernel function

Q Hyperparameter of length scale in kernel function
L(6) Negative marginal log-likelihood

VL(0) Gradient of negative marginal log-likelihood
0 Hyperparameter vector

T Relaxation time

To Characteristic relaxation time

0} Parameter of constant phase element

f Frequency

£ log-frequency

A Regularizing parameter

Lo Inductance

R Ohmic resistance

Ret Charge transfer resistance

CPE Constant phase element

DRT Distribution of relaxation times

ECM Equivalent circuit model

ECS Electrochemical system

EIS Electrochemical impedance spectroscopy
GP Gaussian process

NMLL Negative marginal log-likelihood

PDF Probability density function

RR Ridge regression

RV Random variable

Appendix A. Multivariate Gaussian Random Variables

We recall that a multivariate Gaussian RV z with mean g and a
positive definite covariance matrix £ >0 is defined as z ~ ./ (u, =)
and its probability distribution function is

p(z)—r (D) - (2 Vdet(3))
ex (—l - '=lz- =
P| —5Z—p) 2 (z—p)

For notational convenience, we can partition the Gaussian RV as
follows:

z— (;) (56)

where the corresponding means and covariances are

_ (M

”7(”3/) (57a)
So Zay

T= 57b
<EXTV Eyy> (57b)

Below, we apply marginalization and conditioning and write the
PDF of x and of x|y, respectively.

A.1. Marginalization

Using (56) and (57), we can obtain the PDF of X by integrating y
out as

PX) = [p(zlp, ) dy =/ (x|, o) (58)
or equivalently we can write

X ~ N Py, Zxx) (59)

A.2. Conditioning
The probability of x known y is defined as follows:

_pxYy)

p(xly) —W—ﬂ"”(xlm\y, Zxy) (60)
where

Py = Px + Zxy 2y (¥ — by (61a)
Sy =Zw — Zy T Ty (61b)
or equivalently

X[y ~ 1 (kxy: Zxy) (62)

Appendix B. Matrices Used in the GP-DRT: Derivations and
Properties

B.1. ZiyK and 7% K

We consider the kernel to be radial, i.e., k(¢,&') = k(|¢ — &'|), and
recall (15) and (18b)

)

2mef —

2w - - ke (63)

-1 4 (2mef ¢

Specifically, the (18b) can be written explicitly as
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Z K Em) = ]f kEE))

|§n Sm

® 27re€m*5 2 45 (64)
—j k(. ©) dE
o] + (2mein—£)?
If we define y = 27 &,, then we can also write that
2 relem—x
ZLimK(q, :—[ ——————k(x)d 65
mK(EnEn) = = | oSk (65)

where Aé,, =&, — £,. We note that, if the frequencies are loga-
rithmically equispaced (the number of points per decade is set),
then 7;,K is a Toeplitz matriX, a matrix whose descending di-
agonals are constant. This reduces significantly the computation
time as, instead of computing the full N? integrals, only 2N— 1 are
needed. We also note that

A 00 i o
Ik - - | T k) (66)
—] 4 (2mef—¢)>
which gives that
L K Em) = | LI KEE)|le, 2, =
P (67)

S| kG dE
01+ (2ment)

Defining x = ? — &, We can write that

J"" 2 relém—x

A
7 K =
im (gnzgm) _ _l (2 eAEnm—X)z

k(x) dx (68)

It follows that by comparing (65) and (68) that

y?ml((gn7§m):f[/imK(Emagn) (69)
and that

K= ZimKT (70)

B2. ¥% K

Interestingly, we can transform (18d) from a double integral into
a single integral. We first recall (18d)
L KCn Em) =
T 2meht 2mein—f % " (71)
[ ] A k() dF de
—col + (2mesn=< )" 1 4 (2meim—¢ )

I

We perform a change of variables by setting y =& — ¢ and X =
£ + £'. We note that the Jacobian of this transformation is

a(Xv X/) _ 1 _1

GRS (1 1 ) 72)
therefore

dy dy = det(a((;, g;) de' df’ —2d¢ df’ (73)

The (18d) can be rewritten as

72 KEn Em)=

1°° [ (° 2meh% 2mein =17
EJW Jiw 5 5 dx’ | k(x) dx
1+ (27re~"‘u) 1+ <2ne~m-—’*)
(74)
The inner integral is
J‘°° (2m)2eintim X dy
—e <1 + (27T)2925r(x+x’)> (1 N (277)2325"17(%7)()) (75)
= (X + A&jn)esch(y + Afn)
where csch(z) = # This procedure allows us to simplify

(18d) as:

oo

/2 mKEn.ém) —*J (X + A& mn)esch(x + Aéyn)k(x) dx (76)

Incidentally, we note that ¥2 K is symmetrical, ie,
72 K=72 KT or equivalently (Z2K)ym = L2 KEn, En) =
LK Em ) = (45

imX)mn» because swapping &, and &, in (18d),
does not change the integrand. Furthermore, if the frequencies are
equispaced logarithmically, then .7 2 K is a Toeplitz matrix.
B3. 72K

We note that the following holds:

LE(LEKRE )z, 2

nssm

0 0 1 1 ,
-1 k(e £) dE'dz
ool ool + (2men )2 1 1 (2t )2
=
(77)
as the integrand does not tend to zero if. £ 5o

Appendix C. Gradient of marginal log-likelihhod (MLL)

In order to compute the minimum of L(6), we use gradients and
note that [67].

a—f)jA(ﬂ)>> (78)
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where if § = (o, 07,2) T, then

A(0) = 25K (o7.2) + 021 (79)
orif @ = (on,07,2,0) ", then

A0) zgfmx(af, sz) +021+ gZhh ™ (80)
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